Abstract. In the previous paper [8] , the author gave a determinant formula of relative zeta function for cyclotomic function fields. Our purpose of this paper is to extend this result for more general function fields. As an application of our formula, we will give determinant formulas of class numbers for constant field extensions.
Introduction
Let p be a prime. In 1955, Carlitz and Olson [2] provided an expression of the relative class number of p-th cyclotomic field in terms of a certain classical determinant, which is known as the Maillet determinant. Many authors have extended this result (cf. [5] , [9] ). In particular, Girstmair [3] gave a generalization to an imaginary abelian field.
In the function field case, several authors also gave determinant formulas for class numbers. Let F q be the field with q elements. Let k = F q (T ) be the rational function field over F q , and A = F q [T ] the associated polynomial ring. Let m ∈ A be a monic polynomial. We denote by Λ m the set of all m-torsion points of the Carlitz module (see Section 2) . Let K m = k(Λ m ). The function field K m is called the m-th cyclotomic function field. This function field has remarkably similar properties of those of cyclotomic field over Q.
We assume that m is irreducible. In 1990s, Rosen gave a determinant formula for the relative class number of K m (cf. [6] ), which is regarded as an analogue of the formula of Carlitz and Olson. Recently, Ahn, Choi, and Jung generalized the Rosen's formula to any subfield of cyclotomic function fields with arbitrary conductor (cf. [1] ). On the other hand, in the previous paper [8] , the author gave a determinant formula for a relative zeta function of cyclotomic function field.
Our goal of this paper is to generalize these formulas. Let M be a finite extension over k which is contained in some cyclotomic function fields. Put M (u) of integral coefficients (see Section 2). The main result of this paper is to construct a matrix E (λ) M (u), and give the following determinant formula of relative zeta function:
(see Theorem 3.1), where the matrix E (λ) M (u) and the polynomial J M (u) are calculated automatically when once M is given (see Section 3). Considering the case M = K m , the above formula leads the determinant formula which the author gave in [8] .
As an application of our formula, we will give a class number formula of M n , where M n is the constant field extension over M of degree n (see Theorem 3.2). We consider the case n = 1. Then our class number formula derives the determinant formula of Ahn-Choi-Jung (cf. Theorem 3.2 in [1]).
Preparations
In this section, we will provide definitions and basic properties of cyclotomic function fields, and zeta functions. For details, see [4] , [7] , [10] .
Cyclotomic function field and Dirichlet characters
Letk be an algebraic closure of k. For x ∈k and m ∈ A, we define the following action:
where ϕ, µ are F q -linear isomorphisms ofk defined by ϕ : x → x q , and µ : x → T x, respectively. By this action,k becomes A-module, which is called the Carlitz module. For a monic polynomial m ∈ A, we denote by Λ m the set of all x ∈k satisfying m * x = 0. Let K m = k(Λ m ). We call K m the m-th cyclotomic function field. Then it is well-known that K m /k is a Galois extension, and its Galois group is isomorphic to G m , where G m is the unit group of A/mA. We regard F 
where m runs through all monic polynomials of A. Let M ⊆ K be a finite extension over k. We define the conductor of M as the monic polynomial m ∈ A of the smallest degree satisfying
Lemma 2.1. Let M ⊆ K be a finite extension of k. Then P ∞ splits completely in M + /k, and each prime of M + above P ∞ is totally ramified in M/M + .
Proof. This follows from Theorem 12.14 in [7] .
Next we review basic facts about Dirichlet characters. For a monic polynomial m ∈ A, let X m be the group of all primitive Dirichlet characters of G m . We denote by X the group of all primitive Dirichlet characters (i.e., X = ∪ m X m ). Then, by the same argument as in the case of number field, we have a oneto-one correspondence between finite subgroups of X and intermediate fields of K/k of finite degree (cf. Chapter 3 in [10] ). In particular, we see that K m corresponds to X m . Let M ⊆ K be a finite extension of k. We denote by X M the finite subgroup of X corresponding to M . Put
We see that M + corresponds to X + M . We will use the next theorem in the later section.
is a cyclic group of order f Q , and the order of Z M,Q is equal to g Q , where f Q , g Q are the relative degree of Q in M/k, and the number of primes of M above Q, respectively.
Zeta functions and L-functions
For a global function field M over F q , we define the zeta function by
where P runs through all primes of M , and N P is the number of elements of the residue class field of P. We can easily check that ζ(s, M ) converges absolutely for Re(s) > 1. Theorem 2.2 (cf. [7] Theorem 5.9). In the above notations, there is a polynomial Z M (u) with integral coefficients such that
We denote by F q n the extension over F q of degree n. Put M n = M F q n , and let h M,n be the class number of M n . Notice that h M,1 = h M . Proposition 2.1. In the above notations, we have
where ω runs through n-th roots of unity.
Proof. This follows from Proposition 8.16 in [7] .
Next we will review basic facts about L-functions. For a character χ ∈ X, we define the L-function by
where P runs through all irreducible monic polynomials of A. Let m be the conductor of χ. For α ∈ G m , there is the unique element r α ∈ A satisfying r α = a n T n + a n−1
Then we define functions Deg and L over G m by
otherwise, where χ 0 is the trivial character (cf. Proposition 4.3 in [7] ). Let M ⊆ K be a finite extension of k. By the same arguments as in the case of number fields, we have
where P runs over all primes of M not above P ∞ (cf. Theorem 4.3 in [10] ). By Lemma 2.1 and the equation (2), we have
We define the relative zeta function of M by
where
Proposition 2.2. In the above notations, Z
M (u) is a polynomial of integral coefficients.
Proof. For a non-trivial character χ ∈ X M , we saw that L(s, χ) is a polynomial of q −s with complex coefficients. Hence Z (−)
M (u) is a polynomial with complex coefficients. On the other hand, we notice that Z M (u) and Z M + (u) are polynomials of integral coefficients, and
is a polynomial of integral coefficients.
In the end of this section, we give a class number formula of constant field extension. For a positive integer n, put h
In particular, h − M,1 is the relative class number of M . From Proposition 2.1, we have the following class number formula:
By the above formula, we see that h − M,n is an algebraic integer. Hence h − M,n is an integer.
Determinant formulas for zeta functions
In the previous section, we defined the relative zeta function ζ (−) (s, M ) for a finite extension M ⊆ K over k, and we saw that ζ 
is the restriction of χ to F × q . Then we see that
, where # S is the number of elements of a set S. We notice that
Then we have the following decomposition: 
where S M is a complete system of representatives for H M /I M . By using these polynomials, we define the matrix E (λ)
for λ ∈ T M . Then we have the following determinant formula of the relative zeta function.
Theorem 3.1. In the above notations, we have
The polynomial J M (u) is defined by
where Q runs through irreducible monic polynomials dividing m.
Remark 3.1. We consider the case M = K m . We notice that T Km =F × q , and S Km = {1}. Hence the above formula derives the determinant formula which the author gave in [8] . Proposition 3.1. In the notations of Theorem 3.1, we have
Proof. Let Q be an irreducible monic polynomial dividing m. In the notations of Theorem 2.1, we have
where φ runs through a complete system of representative for
By the same argument, we have
Hence we obtain Proposition 3.1.
Remark 3.3. From the above proposition, we see that J M (u) is a polynomial of integral coefficients.
Remark 3.4. We assume that m is a power of an irreducible monic polynomial Q. By Proposition 12.7 in [7] , we see that Q is totally ramified in M/k. Therefore, by Proposition 3.1, we have J M (u) = 1.
Now we give the proof of Theorem 3.1.
Proof. Let χ ∈ X − M , and denote by f χ the conductor of χ. We see that f χ divides m. Putχ = χ•π χ , where π χ : G m → G fχ is the natural homomorphism. Then we have
By the equation (3), we obtain
On the other hand, from the equation (4), we have
Next we will show that det E (λ)
for each non-trivial character λ ∈ T M . Fix a non-trivial character λ ∈ T M and s ∈ C. For α ∈ G m , we put
} is a complete system of representatives for 
Notice that
This leads the equation (8) . By equations (5), (6) , and (7), we have
Putting u = q −s , we obtain Theorem 3.1.
As an application of our formula, we will give determinant formulas for class numbers of constant field extensions over M . To see this, we recall that h
M (ω) for a positive integer n. Hence Theorem 3.1 leads the following class number formula. Theorem 3.2. In the above notations, we have Proof. We see that
where [a, b] is the LCM of a and b (cf. [7] Lemma 8.14). Therefore, by Proposition 3.1, we have .
Otherwise,
This leads Proposition 3.2.
Remark 3.6. By the above proposition, we see that R M,n is an integer.
Remark 3.7. Considering the case n = 1 in Theorem 3.2, we have a relative class number formula for M . This formula coincides with the determinant formula of Ahn-Choi-Jung (cf. Theorem 3.2 in [1] ).
